GENERALIZED HILBERT OPERATORS 



c/3 



PETROS GALANOPOULOS, DANIEL GIRELA, JOSE ANGEL PELAEZ, 
AND ARISTOMENIS G. SISKAKIS 



Abstract. If g is an analytic function in the unit disc 
sider the generalized Hilbert operator H g defined by 



n g (f)(z) 



f(t)g'(tz)dt. 



We study these operators acting on classical spaces of analytic 
functions in D. More precisely, we address the question of charac- 
terizing the functions g for which the operator H g is bounded (com- 
pact) on the Hardy spaces H p , on the weighted Bergman spaces 
or on the spaces of Dirichlet type T> v a . 



1. Introduction 

1.1. Generalized Hilbert operators. We denote by D the unit disc 
in the complex plane C, and by T-Lol(D) the space of all analytic func- 
tions in D. 



The Hilbert matrix 



H 



( 1 1 - 

x I ? 

I I f 

3 4 5 

V • • ■ 



/ 



can be viewed as an operator on spaces of analytic functions, called the 
Hilbert operator, by its action on the Taylor coefficients: 



£ 

fc=0 



n + k + l" 



n 



0,1,2, 
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that is, if f(z) = Y^=o a kZ k € ^oZ(D) we define 

OO / OO 

(») w)w = E E^ 

n=0 \fc=0 

whenever the right hand side makes sense and defines and analytic 
function in D. 

Hardy's inequality [5, page 48] guarantees that the transformed power 
series in (1.1) converges on D and defines there an analytic function 
H(f)(z) whenever f E H 1 . In other words, H(f) is a well defined 
analytic function for every / G H 1 . 

It turns out that T-L(f) can be written also in the form, 

n WW = E {S/ nfit)dt ) z " = Si ' m T=Tz^ 

or, equivalently, 

n(f)(z)= f f(t)g'(tz)d(, 
Jo 

where g(z) — log j^. 

The resulting Hilbert operator % is bounded from H p to H p , when- 
ever 1 < p < oo but H is not bounded on H 1 [2, Theorem 1.1]. In [4] 
the norm of % acting on Hardy spaces was computed. Concerning the 
Bergman spaces A p , the operator T-L : A p — > A p is bounded if and only 
if 2 < p < oo, [3]. But % is not even defined in A 2 , for it was shown 
in [4] that there exist functions / G A 2 such that the series defining 
H(f)(0) is divergent. 

In this article we shall be dealing with certain generalized Hilbert 
operators. Given g e UoMjti), we consider the generalized Hilbert 
operator % g defined by 

(1.2) n B (f)(z)= f f(t)g'(tz)dt. 

Jo 

As noted above, H = H g with g(z) = logY^- We mention [8] for a 
different generalization of the classical Hilbert operator. 

The Fejer-Riesz inequality [5, page 46] guarantees that given any 
g G 'HoZ(IB)), the integral in (1.2) converges absolutely, and therefore 
the right hand side of (1.2) defines an analytic function on D, for every 

feH 1 . 

We note that 7i g has a representation in terms of the Taylor coef- 
ficients similar to (1.1). Indeed, a simple computation shows that if 
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9(z) = T.n=^nz n e Hol(B) and f(z) = £~ a n ^ e H 1 then 

K g (f)(z) = jr ((k+i)b k+1 f\ k f{t)dt] z k 

k=o V Jo J 



(1.3) 



fc=0 V n=0 



z k . 



Our main objective in this paper is characterizing those functions g 
for which "H 9 is bounded on the Hardy spaces H p , the Bergman spaces 
A p a and on the the spaces of Dirichlet type V p (0<p<oo,a> — 1). 
These results are stated in Section 2. 

1.2. Spaces of analytic functions. If < r < 1 and / e "HoZ(D), 
we set 

/ 1 /-27T \ VP 

M p (rJ)=(—j^ \f(re u )\ p dt\ , < p < oo, 
M 00 (r,/) = sup|/(z)|. 

| 2 |=r 

1.2.1. Hardy and Bergman spaces. If < p < oo, the Hardy space if p 

consists of those / G "Ho/(©) such that ||/||hp = sup 0<r<1 M p (r, f) < 
oo. Functions / in Hardy spaces have non-tangential boundary values 
f(e te ) almost everywhere on the unit circle T. 

If < p < oo and a > — 1, the weighted Bergman space A p a consists 
of those / e Hol{B) such that 

as = ((« + 1) I mmi - M 2 r ^w) VP < oo. 

The unweighted Bergman space A p is simply denoted by A p . Here, 
dA(z) = -dxdy denotes the normalized Lebesgue area measure in D. 
For each p e (0, oo) the Hardy space H p is contained in A 2p and the 
exponent 2p cannot be improved. We refer to [5] for the theory of 
Hardy spaces, and to [6], [13] and [19] for Bergman spaces. 

1.2.2. Dirichlet type spaces. If < p < oo and a > — 1 the space of 
Dirichlet type V p consists of all indefinite integrals of functions in A p a . 
Hence, if / is analytic in D, then / e T> p if and only if 

11/11^ = l/(o)| p + WfT AP <oo. 

The space T>\ is the classical Dirichlet space V and D\ = H 2 . For 
each p, the range of values of the parameter a for which V p is most 
interesting is 

p — 2 < a < p — 1. 
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If a > p — 1 then it is easy to see that V p = A p a _ p . Indeed this follows 
from the well known estimate 

\f{z)\v{l-\z\) s dA{z)^\f{$)\v+ [ \f(z)ni-\z\y +s dA(z), 



(see, e.g., [7, Theorem 6]). On the other hand, if a < p — 2 then 
a+ p ~ p < and then it follows easily that T> v a C H°° in this case. For 
a = p—2 the space T> p _ 2 coincides with the Besov space usually denoted 
by B p . 

For a = p — 1 the space V v p _ x is the closest to the Hardy space H p 
but does not coincide with it for p ^ 2. If < p < 2 then T> p _ l C H p 
[7] and if 2 < p < oo then H p C V v p _ x [14]. 

1.2.3. Mean Lipschitz spaces. We shall consider also the mean Lips- 
chitz spaces A (p, a). For 1 < p < oo and < a < 1 the space A (p, a) 
consists of those g G "Ho/(©) having a non-tangential limit g(e l61 ) almost 
everywhere and such that 

cu p (g,t) = 0(t a ), i->0, 

where 

/ /-27T J/l\ VP 

^,*)= ^p / \g(e^)-g(e^) 
0<h<t \Jo Zn J 

is the integral modulus of continuity of order p. A classical result of 

Hardy and Littlewood [11] (see also Chapter 5 of [5]) asserts that 

(1.4) A (p, a) = {/ G H p : M p (r, /') = O ((1 - r^ 1 ) } , 

forl<p<oo, < a < 1. The corresponding "little oh" spaces are 
denoted by A(p, a). 

Among all the mean Lipschitz spaces, the spaces A(p, -), 1 < p < oo, 
will play a fundamental role in our work. They form a nested scale of 
spaces which are all contained in the space BMOA [1]: 



> 1. 



A \ q, -J cA (P» "J c BMOA, 1 < q < p < oo. 
Furthermore the function log(y^) belongs to A (p, for each p 

2. Main results 

Our main results regarding Hardy spaces are contained in Theorem 1 
and Theorem 2. 

Theorem 1. Suppose that 1 < p < 2 and g G "Ho/(D). T/ien TL g is 
bounded from H p to H p if and only if g G A (p, . 
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Theorem 2. Suppose that 2 < p < oo and g G Hol(D). We have: 

(i) IfHg is bounded from H p to H p , then g G A (p, . 

(ii) If g G A (q, for some q with 1 < q < p, then T-L g is bounded 
from H p to H p . 

It is natural to ask whether or not the condition g G A (p, implies 

that Tig is bounded from H p to H p , for 2 < p < oo. We do not know 
the answer to this question but we conjecture that it is affirmative. 

The condition g G A (q, for some q with 1 < q < p which appears 

in (ii) is slightly stronger than that of g belonging to A (p, ^j. 

Using (1.4) it follows that if g G "HoZ(D) has power series g(z) = 
J2^L bkZ k with sup fceN k\bk\ < oo, then g G A (2, |). Also, using (1.4) 
and the Littlewood subordination principle, it follows easily that a 
function g G Uol(B) such that $l(g'(z)) > 0, for all z G D, belongs 

to A (^q, -0 for all q > 1, a result which readily implies that the same 

is true for any g G "Ho/(D) which is the Cauchy transform of a finite, 
complex, Borel measure /i on the circle T, that is, 

Consequently, it is clear that we have the following. 

Corollary 1. Let K, be the class of those analytic functions in © which 
are the Cauchy transform of a finite, complex, Borel measure on T and 
let 

{OO 
g (z) = y^b k z k G Hol(B) : supA;|6 fe | < oo 

We have: 

(i) If 2 < p < oo and g G C, then H g : H p — > H p is bounded. 

(ii) If 1 < p < oo and g G K, then % g : H p — > H p is bounded. 

We note that JC and C are subclasses of the mentioned mean Lipschitz 
spaces containing the function g{z) = logj^. Thus, Corollary 1 gen- 
eralizes the classical result on the boundedness of the Hilbert operator 
on H p . 

It turns out that g G A (p, is equivalent to the boundedness of 

the operator 7i g on the weighted Bergman spaces A p a and on the spaces 
of Dirichlet type V p a for the admissible values of p and a. 
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Theorem 3. Suppose that 1 < p < oo, — 1 < a < p — 2 and g G 
Hol(D). Then H g : A p a -> A p a is bounded if and only if g G A (p, ±) . 

The condition —1 < a < p — 2 is not a real restriction. It is needed to 
insure that any function /eij satisfies that \f(t) \ dt < oo, which 
is necessary for the operator H g being well defined on A p a . The result 
does not remain true for a > p — 2. 

Theorem 4. Suppose that 1 < p < oo, p — 2 < a < p — 1 and g G 
Hol(D). Then H g : V p ->■ zs bounded if and only if g G A (p, ±J . 

The paper is organized as follows. In Section 3 we state and prove a 
number of lemmas which will be used specially in Section 4 where we 
shall prove the necessity parts of our just mentioned results. Section 5 
will be devoted to study the the sublinear Hilbert operator H defined 

by 

We shall prove that if g G A (p, and X is either iPwith 1 < p < 2, 

or A p a with 1 < p < oo and — 1 < a < p — 2, or X>g with 1 < p < oo and 
p — 2 < a < p — 1, then 

ll^(/)IU<c||W)|U, /gx 

The sufficiency parts of our Theorems 1-4 will follow using this and the 
following result which has independent interest. 

Theorem 5. (i) If p > I, then % : H p — > H p is bounded. 

(ii) If p > 1 and —l<a<p — 2, then H : A p a — > A p a is bounded. 
(Hi) If p > 1 andp — 2 < a < p— 1, then H : V p — > V p is bounded. 

In Section 7 we shall deal with the question of characterizing the 
functions g for which H g is compact on Hardy, Bergman and Dirichlet 
spaces. We prove the "expected results" , that is, Theorems 1-4 remain 
true if we change "bounded" to "compact" and the mean Lipschitz 
space A(s, a) appearing there to the corresponding "little oh" space 
A(s, a). We also obtain the characterization of the functions g for which 
the operator 1-L g is Hilbert-Schmidt on the relevant Hilbert spaces. 

Theorem 6. The following are equivalent 

(i) Hg is Hilbert-Schmidt on H 2 . 

(H) % g is Hilbert-Schmidt on A\ for any — 1 < a < 0. 

(Hi) H g is Hilbert-Schmidt on T) 2 a for any < a < 1. 

(w) geV. 
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Note that the case a — 1 of (iii) is assertion (i). 

We close this section noticing that, as usual, we shall be using the 
convention that C = C(p,a,q, (3) . . . will denote a positive constant 
which depends only upon the displayed parameters p,a,q, (3 . . . (which 
sometimes will be omitted) but not necessarily the same at different 
occurrences. Moreover, for two real- valued functions Ei,E 2 we write 
Ei x E 2 , or Ei < E 2 , if there exists a positive constant C independent 
of the argument such that ^E x < E 2 < CE X) respectively E x < CE 2 . 

3. Preliminary results 

Throughout the paper we shall use the following notation: If g(z) = 
YI=o h kZ k e Hol(B) and n > 0, we set 

A n g(z) = J2 ^ 
kei(n) 

where I(n) = {k G N : 2" < k < 2 n+l - 1} . 

Let us recall several distinct characterizations of A(p, a) spaces, (see 
[1], [5], [9] and [16]). 

Theorem A. Suppose that 1 < p < oo, < a < 1 and g G Hol(D). 
The following conditions are equivalent 

(i) g G A(p,a). 

(ii) M p (r, g') = O ((iz^) , as r -> 1". 

(iii) \\A n g\\ HP = O (2~ na ), as n — >■ oo. 

(iv) \\A n g'\\ HP = O (2 n( - 1 -^), as n ^ oo. 

(v) ||A n 0"|| HP = O (2 n ( 2 -°)) ; as n ^ oo. 

Remark 1. The corresponding results for the little-oh space A(p, a) re- 
main true, and they can be proved following the proofs in the references 
for Theorem A. 

Suppose W(z) = '^2i ce jbkZ k is a polynomial, so J is a finite subset 
of N, and f(z) = Y^ < kL akZ k G Wolijti). We consider the Hadamard 
product 

(W*f)(z) = J2ha k z k , 
keJ 

and observe that if / G H 1 then 

(W * f){e lt ) = — ^ W(e^- e) )f(e w ) dd 
2tt Jo 

is the usual convolution. 
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If $ : K. — > C is a C°°-function such that supp($) is a compact subset 
of (0, oo) we set 

A * = max |$(s)| + max |$"(s)|, 
and for N = 1,2, ... , we consider the polynomials 

feGN V 7 

Now, we are ready to state the next result on smooth partial sums. 

Theorem B. Assume that $ : f -> C is a C°° -function with supp($) 
a compact set contained in (0, oo). Then 

(i) There exists an absolute constant C > such that if m G 
{0, 1, 2, ... } and TV G {1, 2, 3, ... } toen 

|W$(e*)| < Cmin jiVmax |$(s) 1,^-^0 | _m max |$ (m) (s 

/or < |6>| < 7r. 

(ii) T/jere exists a positive constant C such that 

|(Wtf */)(e*)| < CM.M(|/|)(e*), for all f e H l , 
where M is the Hardy-Littlewood maximal- operator, that is, 

M(|/|)(e*)= sup i- f° +h \f(e*)\dt. 
o<h<w tri Je-h 

(hi) For every p G (1, oo) i/iere exzsfo C p > snc/i £/ia£ 

||W**/||^<C p ^||/||^, /G/P. 

(iv) For every p G (1, oo) and a > — 1 i/iere is C p > such that 

ll^*/lk<C p ^||/|U s , feA£. 

Theorem B follows from the results and proofs in [17, p. 111 — 113]. 

The following lemma also plays an essential role in our work. 

Lemma 1. Suppose that 1 < p < oo and a > — 1. For N = 1,2, ... , 
let a N = 1 — and define the functions 

(3.1) iJ>nM= 2+a / -rjdt, s>0. 

N ~ Jo I 1 — a Nt) 

and 

(3.2) ^(s) = _!_ s>0 . 
T/ien: 

(i) ViV,a,^AT,a £ C°°((0,Oo)). 
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(ii) Asymptotically, 

1 1 

\lpN,a{ S )\ X n 2+ a , o< s <4, N^OO. 

N — * 

(iii) For each m G N there is a constant C{m) > (depending on m 
but not on N) such that 

l4>)l<-^St, \<s<^ iV = l,2,.... 

(iv) For each m G N there is a constant C{m) > (depending on m 
but not on N) such that 

(3-3) \^(s)\<C(m)N 2 - 2 -^, \<s<A, N = l,2,.... 

Proof, (i) is clear, 
(ii). We note that 

pi ^siV pi y 

L (l-a N ty dt -J JT^a^ dt = N > 
while if | < s < 4, then 

/•l ^sN pi 

l (1 - «^) 2 ^ ~ L 



dt 

a N (1 - aNt) 2 



AN 



so for | < s < 4, 



" (2-^) 2 



|^JV,a(s)| x A+a , asA^oo. 



(iii). Since 



sup I log4fl * sJV < sup flog x 1/2 = C(m) < oo, 

t^y o<x<i V 



0<t<l, |<s<4 
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we deduce that 

- 1 (iog£) m f* 



\^(s)\-^— r (iog ^ — dt 



- 1 1_ 

iv 3 - 2 ^ Jo (! - a Nty 



<C(m)-^ I M - ^ dt 



<C(m)—^, ^<s<4, iV = l,2,.... 

(iv). For m = 0, the assertion follows from part (ii). For m — 1, 
using parts (ii) and (hi), we have 

K - (s)l -h^F- c() P ' 2 <s<4 

Now we shall proceed by induction. Assume that (3.3) holds for 
j = 0, 1 . . . m — 1. Since 1 = fN,a(s)ipN,a(s), we have 

i=o ^ ^ ' 

which implies 

1 



, (m) ES 1 (7) 



< s < 4. 



|^,a(s)| ' 2 

This together with the induction hypothesis and part (iii) concludes 
the proof. □ 

We shall use also the following lemma which follows easily from re- 
sults in [16]. 

Lemma 2. Assume that < p < oo, a > —I, N e N, and set 

h{z) = a k zk - 

N/2<k<AN 

Then 

Whiu-N-^WhW^. 

Proof. Assume N is even. (If N is odd the proof can be adjusted by 
using [y] + 1 instead of y). Using [16, Lemma 3.1] we have for each 
< r < 1, 

\\h\\ p HP r^ N <M^r,h)< 

which gives 



Hp' 



V 

HP 



[\p* n +\1 -r 2 ) a dr < < \\h\\ p HP [\^ +1 (l-r 2 ) a dr. 

Jo a + 1 Jo 
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Each of the two integrals appearing above can be expressed in terms 
of the usual Beta function, and using the Stirling asymptotic series we 
can see that each of the integrals grows as as N — > oo, and 

the assertion follows. □ 



4. Necessary conditions for the boundedness of H g 

Putting together the conditions stated in Theorem 1 and Theorem 2 
as necessary for the boundedness of the operator on H p for 1 < p < 2 
and 2 < p < oo, respectively, yields the following statement. 

Theorem 7. Suppose that 1 < p < oo and g G Hol(3). If Hg is 
bounded from H p to H p , then g G A (p, - J . 



Proof. Let g(z) = ^2^= bkZ k be the Taylor expansion of g. We start 
by considering the function ipN a and 4>n a = ~r~ defined in Lemma 1 
with a = p— 1 and, for simplicity, write tp^ = ipN, P -i and ip^ = (fN, P -i- 
For each N — 1, 2, . . . , we can find a C°°-function $ N : R ->■ C with 
supp($ A r) C (|,4), satisfying 

(4.1) ® N (s) = Ms), l<s<2, 

and such that, by using part (iv) of Lemma 1, for each m G N there 
exists C(m) (independent of N) with 

(4.2) \<$> ( n\s)\ < C(m)iV 1_ p, s£l, AT = 1,2,.... 
In particular we have 

(4.3) = max \<S> N {s)\ + max < CN 1 ", 

Let us consider now the family of test functions {/jv} given by 

= -^tt; ^D, iV = l,2,... 

An easy calculation using [5, Lemma, page 65]) shows that the H p - 
norms of the functions f^ are uniformly bounded. By the hypothesis 

sup \\H g {f N )\\m = C < oo. 

N 

This, together with part (iii) of Theorem B and (4.3), implies 

(4.4) || W*" *n g (f N )\\ HP < c p A^ N \\n g (f N )\\ HP < CyV 1 ^. 
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On the other hand, 

r / ri \ u 1 



(W* N *H g (f N ))(z) = E (k + l)b k+1 ^j\ k f N (t)dt^ N (^) 



^<k<AN 



Z 



k \ , 
N 



= E [•••]** + E [•••]**+ E f 

N<k<N-l N<k<2N-l 2N<k<4N 

= F?{z) + F»{z) + F»(z) 

and by (4.1) 

F 2 N (z) = E + ( A fc M*) *) ^ (^) 

N<k<2N-l ' ^ ' 

(4-5) = (k + l)h +1 ^ N (^) cp N ( 

N<k<2N-l ^ ' ^ 

= ]T (fc + l)& fc+1 z fc . 

N<k<2N-l 

Using the M. Riesz projection theorem and (4.4) we have 

\\f 2 n \\ hp < c p \\w* N *n 9 (f N )\\ HP < c p n 1 ~K 

valid for each N. Finally observing that for n G N, 

2 n+1 -l 

A n9 '(z)= J2 (k + l)b k+1 z k = F* n (z), 

k=2 n 

we obtain 

\\A n g'\\ HP <C p 2 n ^\ 
and using part (iv) of Theorem A, we conclude g G A (p, ^ j . □ 

Proof of the necessity statement in Theorem 4' 

The proof is similar to that of Theorem 7, hence, we shall omit some 
details. Let p, a and g(z) = YlT=o ^kZ k G "Ho/(B) be as in the statement 
and assume that H g : V p a — > V? is bounded. We consider the functions 
ipN,a and 4>N,a — -^jj— defined in Lemma 1. By part (iv) of Lemma 
1, for each N = 1, 2, ... , there is a C^-function § Nja : R ->■ C with 
supp($Ar jQ ,) C (|,4) such that 

(4.6) $NM = ( PN, a (s + ^j, l<s<2, 

and for each m G N there exists C(m) (independent of N) such that 

(4.7) |$K(s)| <C(m)N 2 - 2 -ir, s£l, TV = 1,2,.... 
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Since a < 3p — 2, the family of test functions 

1 1 



(4.8) f N ( z ) = f ( z ) = —^ ze B, 

N — ~ (1 - a N z) 2 

forms a bounded set in V p a (see [19, Lemma 3.10]), and the hypothesis 
implies that 

SUp||^ 9 (/7v)||©g < CO. 
N 

This, together with the easily checked identity % g {f)' = W, g >(zf), gives 
sup WH g >(zf N )\\ A p = C < oo. 

N 

Then part (iv) of Theorem B and (4.7) imply that 

(4.9) \\W* N >°*H g ,(zf N )\\ A P < C p A* N J\H g/ (zfN)\\Ai < C P N 2 - 2 ^. 
Moreover, 

(W% N ' a *U g ,(zfN))(z) = 

= Yl (k + l)(k + 2)b k+2 ( [ t k+1 f N (t)dt)<S> N ,J^-)z k 

f<k<4N V ° J W 

and, by (4.6), 

2JV-1 / ,1 \ / , \ 

J2(k + l)(k + 2)b k+2 ( t k+1 f N (t)dtU N: J-)z k 

k=N ' ^ ' 



(4.10) 



2JV-1 



= J](A; + l)(A; + 2)6 fc+2 ^. 



k=N 



Consequently, using (4.10), the M. Riesz projection theorem, Lemma 
2, and (4.9), and setting N = 2 n , n E N, 

2 n+1 -l 

J2 (k + l)(k + 2)b k+2 z k 



|A n <?"| 



hp 





=2 n 




HP 




2 n + 2 










^ (k + l)(k + 2)b k+2 i 


f 




k=2 n ~ 1 






Jo 


= 1 




**n g .(zf 2 n) 










Hp 




< C p 2 




W 2 „ 2n ' a * u g > 






<C P 2 











and by part (v) of Theorem A, we deduce that g E A (p, ^ j . □ 
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We note that the proof we have just finished remains valid for p > 1 
and a < 3p — 2. 

Proof of the necessity statement in Theorem 3: 

Let p, a be as in the statement and assume H g : A p a — > A p a is bounded. 

Since a < p — 2, then a + p < 3p — 2. This together with the fact 
that A p a = T>p +a gives the assertion as a consequence of the preceding 
proof. □ 

5. The sublinear Hilbert operator 
Let us consider the following space of analytic functions in D 

= {/ e : f dt < °°} ■ 

The well-known Fejer-Riesz inequality [5] implies that H 1 C We 
remark also that an application of Holder's inequality yields 

(5.1) A p a C A[ ,i)' if P > 1 and -1 < a < p - 2, 

an inclusion which is not longer true for a > p — 2. 

Condition (5.1) insures that % is well defined on A p a for p and ct in 
that range of values. 

Now, we proceed to state some lemmas which will be needed for the 
proof Theorem 5. 



Jo 



Lemma 3. (i) Assume that < p < oo. Then there exists a posi- 
tive constant C = C{p) such that 

M^(r, g) dr < C\\g\\ p HP , for all g e Hol(B). 

'o 

(ii) Assume that < p < oo and a > — 1. Then there exists a 
positive constant C = C(p,a) such that 

f M^(r,f)(l-rr +1 dr < C||/||^, for all f G Hol(B). 

J 

Proof. Part (i) follows taking q = oo and A = p in Theorem 5. 11 of [5]. 

Now we proceed to prove part(ii). Applying (i) to g(z) = f(sz) 
(0 < s < 1) and making a change of variables, we obtain 

f ' Ml{rJ)dr<CsM p {sJ) < r < 1, 

Multiplying both sides of the last inequality by (1 — s) a , integrating 
the resulting inequality, and applying Fubini's theorem yieds 

f M p OQ (r,f)(l- r r +1 dr = C f\l- 8 ) a f M^(rJ)drd8 < C\\f\\ P AP . 
Jo Jo Jo 
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□ 

Lemma 4. Assume that 1 < p < oo and p — 2 < a. Then there exists 
a constant C = C(p, a) such that for any f G Hoi (3) 

1 M^(r,f)(l-rr^ +1 dr<C\\f\\ p vPa . 
Proof. The identity f(z) = /(0) + £ /'(C) d(, z G D, gives 
M^rJ) <c(\f(0)\ p + ^M x (tJ')dtpj , 
for some constant C. Since a — p + 1 > — 1 we have 

f M£(r, /)(1 - r) a -*> +1 dr 
Jo 

<C\f(0)\ p + C^ QT M^t, /') dtj(l- rT- p+l dr 

= C\f(0)\ P + C j 1 Qf 1 M 00 (l - s, /') (1 - r) a ^ +1 dr. 

We now use the following version of the classical Hardy inequality [12, 
p. 244-245]: If k > 0, q > 1 and ft, is a nonnegative function defined in 
(0, oo) then 

^ Qf h(t)dty x^dx < (£) q h(x) q x q+k - l dx. 

Taking ft = in [1, oo), and making the change of variable x = 1 — r 

in each side, the inequality takes the form 

(5-2) 

jf ^ ft(t)d^) (l-r)*" 1 ^ < J o (h(l-r)) q (l-r) q+k ~ l dr. 

Now apply this inequality to the function ft(s) = M^il — s, /') with 
k = a — p + 2 > to obtain 



< C / M£,(r, /') (1 - r) Q+1 dr. 
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Putting together the above and using Lemma 3 we find, 

jf M£(r, /)(1 - r)^ +1 dr<C (j/(0)| p + J* M£(r, /') (1 - r) a+1 dr, 

<C(\f(0)\ P +\\f'\\ P APa ) 

= c\\f\\ p VPa , 

and the proof is complete. □ 

The first part of the following Lemma is a special case of [15, Theo- 
rem 2.1], and the second part is an immediate consequence of the first 
part. 

Lemma 5. (i) If 1 < p < oo and a > —1, then the dual of A p a can be 
identified with A 9 ^ where ^ + ^ = 1 and (3 is any number with j3 > — 1, 
under the pairing 

(5-3) (f\9)A p . a , = [ f{z)gJz){l-\A 2 )* + "dA{z). 

Jo 

(ii) If 1 < p < oo and a > —1, then the dual of V p can be identified 
with V q p where ^ + ^ = 1 and (3 is any number with j3 > — 1, under the 
pairing 



(5.4) (f,g) Vpap = f(0)g(0)+ / f(z)g'(z)(l-\z\ 2 )^dA(z). 

Jo 

Proof of Theorem 5. 

(i) Recall that for 1 < p < oo, the dual of H p can be identified with 
H q , i + i = 1, under the if 2 -pairing, 

{f,h) H 2 = \im— / f(re ie )h(re iS )d9, 
r-n 2n J 

thus it is enough to prove that there exists a constant C > such that 



(5.5) 



lim — / n(f)(re lt) )h(re id ) d9 



<C||/||h,||/i||h, 



for any / G H p and g G H q . Now, by Fubini's theorem 



I[«(/)(,e») iM *=| |/(,)|(JL jf * 



\S(t)\h(rH)dt. 
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Using Holder's inequality and the Fejer-Riesz inequality we have 

I p2tt _ / rl \ VP / rl \ V' 

^ n(f)(re ie )h(re*)d6 < (jf \f(t)fdt) (jf \h(r 2 t)\* dt) 

<C\\f\\ HP M q (r 2 ,h) 
<C\\f\\„ P \\h\\ m , 

which implies (5.5) and finishes the proof of (i). 

(ii) Using Lemma 5 we can choose 

— aq —a 
p p — 1 

so that the weight in the pairing (5.3) is identically equal to 1, and we 
have for / e A p a and h e Al, 



W),h)A p ^= [ H(f)(z)h(z)dA(z) 
Jd 

1/(01 



(5.6) 



o 



l-tz 



dt h(z) dA(z) 



o 



1 \f(t)\^^dA(z))dt 

1 / rl 



2 y \f(t)\ (J h(rH)rdr ) dt, 



so that 



(5.7) \(n(f),h) Ap ^\ < 2 f \f(t)\G(t)dt, 

Jo 

where G(t) = \h(r 2 t)\r dr. Using Holder's inequality we obtain, 

r \f(t)\G(t) dt = f i/(oki - t)^G(t)(i - 1)-*? dt 

Jo Jo 

/ rl \ Vp / /-l , , \ V? 

-U i^*)^ 1 -*)^ 1 *) (y mni-ty^dtj 

VP / /-l . . \ 1/9 

|G(t)| 9 (l -t)-pdt 



y o ic(or(i-o"^^J , 
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where in the last step we have used Lemma 3. Next we show that 



q 

aV 



(5.8) f \G{t)\ q (l -ty 9j ^dt < C\\h\ 

Jo 

This together with (5.7) will finish the proof. To show (5.8) observe 
first that if < t < 1/2 then \h{rH)\ < (±, h) for each < r < 1, 
thus 

jT \h(r 2 t)\rdr < Q, hj , 0<t< 1/2, 



and we have 

(ft 



y \G{t)\ q {l - t)~r dt = J (J \h(r 2 t)\rdr) (l-t)~* 

<CMl{\,h) 
<C\\h\\\ q . 

A f3 

On the other hand, 

1) _ -a+p-2 
p p — 1 

and making a change of variable we obtain J*^ \h(r 2 t) \rdr = ^ J* * |/i(s)|ds 
so, 

T |G(t)| p (l -t)- 2i ir ii rft= f ( f \h(r 2 t)\rdr) (l-ty^dt 

Jl/2 Jl/2 \Jo J 

^4(^(i' i,i(s)ids ) ,(i - f) "^ dt 

<y ^M OQ (s,h)ds^j (l-ty'-^dt 

< ^ M 00 (l-s,/i)ds^ (l-*) -2 ^^ 

< C T M*,(t, - t)^ +1 (ft (by (5.2)) 

./o 



<C||/i||«„ 

where we have used Lemma 3 in the last step. Thus (5.8) is proved 
and the proof of (ii) is complete. 

(iii) Case a = p — 1. By Lemma 5 the dual of T> v v _ x can be identified 
with T>q_!, i + i = 1, taking a = p — 1 and (5 = q — 1 in the relevant 
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pairing in (5.4), so that the weight becomes (1 — \z\ 2 ). Thus for / G 
T^p-i and h G T> q q _ x we have by Fubini's theorem 



(n(f),h) Vp ^ q _ l =H(f)(0)h(0)+ / U{f)'{z)h'{z){l-\z\ 2 )dA{z 



= w(/)(o)Mo)+ / 

and a routine calculation gives 



th'(z) 
0^ 



(1 - |*| 2 )cL4(;s) dt, 



th'(z) 



:i-\z\ 



Now 



therefore, 



[l-tzf 

W)- f h(rt) dr 
Jo 



)dA(z) = h(t) - [ h(rt) dr. 
Jo 



< 2M OQ (t,h) 



H(f)'(z)h'(z)(l-\z\ 2 )dA(z) 



< / \f{t)\ 



h{t) - / h(rt) dr 



<2 [ M 00 (t,f)M 00 (t,h)dt 
Jo 



< 2 



dt 



dt 



<c\\f\\ vl jh\\ vu 



where for the last inequality we have used Lemma 4 twice with a = p—1 
and a = q — 1 in the two integrals respectively. Moreover \h(0)\ < 



v 



9-1 



and 



IW)(0)| = jf 1 1/(01 dt< (f Q M ^f) dt ) ' P <C\\f\\vl_^ 
and combining the above we obtain 

l(W)^K, P - 1 , <; - 1 |<c'||/||^_ 1 ||/i||^_ 1 

which completes the proof of this case. 

Case p — 2<«<p— 1. In this case the dual of can be iden- 
tified with Vp with (5 = :z ^f-. The weight in the pairing (5.4) is then 
identically equal to 1. Thus for / G T> v a and h G T>1 we have 



W),h)v» a , l> =n(f)(0)h(0)+ / H(f)'(z)h'(z)dA(z). 
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Now using Fubini's theorem and the reproducing formula 

h'(z) 



Jo I 1 ~ az ) 



we find 



U{f)'{z)h'{z)dA{z) = / t\f(t)\ 



(i-tzy 



dA(z) dt 



t\f(t)\h'(t)dt. 



We set s = — 1 + and use Holder's inequality to obtain 

f t\f{t)\W)dt = f \\f(t)\(i-tyh/(t)(i-t)- s dt 

Jo Jo 



< 



\f(t)ni-ty s dt 



\h'(t)\ q (l-t)- qs dt 



By Lemma 4 the first integral above is 



f |/(t)| p (i - ty s dt = f \f(t)\»(i - t)- p+1 dt 

Jo Jo 

< f 1 MUfMi-ty- p+1 

Jo 



dt 



<c\\f\\ p vl , 

while the second integral by Lemma 3 is 



f \h\t)\ q {i - t)- qs dt = f \h\t)\ q (i -ty-f- 

Jo Jo 



dt 



\h\t)\ q {l-tf +1 dt 



< f Ml{h\t){l-tf +1 dt 
Jo 

< C\\ti" q 



Al 



<C\\h\\ q 



Thus 



n(f)'(z)g'(z) dA(z) 



< C\\f\\v,Jg\U. 



This together with the inequalities \h(0)\ < \\h\\ V Q and 



\n(f)(o)\= / 1/(01 dt<c\\f\\ v . 
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imply that 

\(nfl,h) Vp ^j<c\\n vP jh\\^ 

and the proof is complete. □ 

6. Sufficient conditions 

In this section we will prove the sufficient conditions for Theorems 1, 
2(ii), 3, and 4. In order to do that we state first some needed results. 

A nice result of Hardy-Littlewood [5, Section 6.2] [17, Theorem 7.5.1] 
asserts that if < p < 2 and f(z) = Y^k=o a k zk £ H p , then 



hp- 



(6.1) K p (f) = J2(k + l) P ~ 2 \a k \ p <C p \ 

k=0 

On the other hand, if 2 < p < oo and f(z) = J2^ =Q akZ k £ Hol(D) 
satisfies that K p (f) < oo, then / e H p and 

(6-2) \\f\\ HP <C P K p (f). 

The converse of each of these two statements is not true for a general 
power series f(z) = J2'k > =o akzk e Hol(D) and for arbitrary indices 
p / 2. If however we restrict to the class of power series with non- 
negative decreasing coefficients then we have the following result (see 
[10], [20, Chapter XII, Lemma 6.6], [17, 7.5.9] and [18]). 

Theorem C. Assume that 1 < p < oo and f(z) = Xlfclo ^ e 
%ol(p) where {a n } is a sequence of positive numbers which decreases 
to zero. Then the following assertions are equivalent: 

(i) f e W\ 

(Hi) K p (f) < oo. 
Furthermore, 

I l/l Ik ~ 11/115* *Kp(f)- 
p-i 

The following decomposition theorem can be found in [16, Theorem 
2.1] and [17, 7.5.8]. 

Theorem D. (i) Assume < p < oo, 1 < q < oo and < a < oo. 

Then, 

/ (i - r y a - l M?( r , f) x |/(o) + ^ n{pa) 1 1 An/| 15 

J ° n=0 

for all f G Holip). 

(ii) In particular, if p > 1 and f3 > — 1, 

oo 

A^i/(°)i p +E 2_n(/3+1) ii A ^iik 

n=0 



Ijff9> 
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for all f G Hol(p). 

The following lemma can be found in [17, 7.3.5], in a slightly different 
form. The proof suggested there can be applied to obtain it in the form 
we need it. 

Lemma 6. Suppose < p < oo and 76R, For f(z) = J2T=o a k zk e 
Hol(B) let F{z) = J2T=o( k + l VdkZ k . Then 

\\& n F\\ m ^2 n ~<\\& n f\\ HP . 

Lemma 7. Suppose that 1 < p < 00. There exists a constant C = 
C(p) > such that if f e H 1 , g(z) = ££L c fc 2 fc e Hol(B), and we set 

Hz) = £~ c fc (^t k ^f(t)dt)z k then 



\\A n h\\ HP < C (j^ t 2n ~ +1 \f(t)\dt) \\A n g\\ HP , n > 3. 

Proof For each n — 1,2, ... , define 

T B (a)= ft 2ns+l f{t)dt, s>0. 
Jo 

Clearly, T n is a C°°(0, oo)-function and 

(6.3) |T B (s)|< f\ 2n - 2+1 \f(t)\dt, s> 

Jo 



1 

2' 



Furthermore, since 



0<x<l 



x 



sup ( log - ) x 1/2 = C{2) < 00, 



we have 



(6.4) 



|T"(s)| < 



t 



2 n s+l-2" 



"1/(0 1* 



< C(2) / t 



.2 n s+l-2" 



1/(0 1* 







<C(2)j\ 2n - 2+1 \f(t)\dt, s>l 

Then, using (6.3) and (6.4), for each n = 1,2,... we can take a 
function $ n G C°°(R) with supp($ n ) G (|,4), and such that 

$ n (s) = T n (s), sG [1,2], 

and 

A*„=max|$ n (s)|+max«(s)| <C C t 2n ~ 2+l \f{t)\dt. 



s<=R 
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We can then write 



A n h{z) = c k ( f t k+l f{t)dt]z k 
kei(n) V° ' 

E c ^ (£) zk 



fc€/(n) 



= W%?*A n g(z). 

So by using part (iii) of Theorem B, we have 

\\A n h\\ HP = \\W* n * A n g\\ HP 
< C p A<s> n \\A n g\\HP 

<c(j\ 2n - 2+1 \f(t)\d?J \\A n g\\ HP . 

□ 

We shall need several lemmas. The first one can be found in [18, p. 4] 

Lemma A. Assume that 1 < p < oo and A = {A„}^1 is a monotone 
sequence of non negative numbers. Let (Xg)(z) = Y^=o^nb n z n , where 

9( Z ) = T,n=O b nZ n - Then: 

(a) If {A n }^l is nondecreasing, there is C > such that 

C 1 A 2 n-i 1 1 A n g\ \ P HP < \ \A n \g\\ p HP < CA 2 n||A n (yf||^-p. 

(b) If {A n }^l is nonincreasing, there is C > such that 

C 1 \2^ 1 1 A n g\ \ P HP < ||A n Ag>||^- p < CA2n-i 1 1 A n g\ \ P HP . 
Lemma 8. (i) Assume 1 < p < oo, — 1 < a < oo, and f e T) v a . Then 
~ ~ 00 / r 1 \ p 

\w)\\ p n~w)m p +Y,v + v 2p ~ 3 ~ a / ^i/wi*) • 

j=i V^o / 

(ii) Assume 1 < p < oo, — \<a<p — 2, and f £ A p a . Then 
~ ~ 00 / r 1 \ p 

\\n(f)\\ p APa ^\n(f)(o)\ p + J2U + i) p - 3 - a / • 

Proof. Set r n = 1 — 2^-. Applying [16, Lemma 3.1] to the function 
h(z) = = Y^k=o zk -> we deduce that 

(6.5) \\A n h\\ p x [ W - 1 —— dt x 1 —— x 2 n(p - 1} . 
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Now, we shall prove (i). By Theorem D (ii) we have 

\\n(fW vP = \W)m p + \W)Y Al > 

OO 

xiw)(o)r+iwy(o)r+^2-^ +i )||A„^(/)'iii 



Hp 



n=0 



l^(/)(0)| p + ^2-"( a+1 )||A„^(/y| 



V 

HP i 



n=0 

where we have taken into account that 



W)'(o)= / t\f(t)\dt 



\f(t)\dt = H(f)(0). 



Jo 



We then apply Lemma 6 and subsequently Lemma A (b) with the 
nonmcreasmg sequence J t j+1 \f(t)\dt and (6.5) to obtain 



n=0 



n=0 



— n(a+l— p) 



n=0 

oo 

;sE 2 

n=0 

oo 

-E 2 

n=0 

oo 



£>■ + !)( f t^\f(t)\dt) z> 

-(n) 

E (f a t j+1 \f{t)\dt}z> 



Hp 



— n(a+l— p) 



n(2p-2-a) 



j6/(n) 
1 



Hp 



|/(t)|dt 







E 

j'G/(n) 



HP 



1 \ P 

+ 2"- 1 +l| 



1/(01* 



xE(j + l) (2p - 3 " a) 

J'=l 

Analogously, it can be proved that 



oo oo / />1 ' 

n=0 j=l 

and the assertion of (i) follows. 

The proof of (ii) is similar and is omitted. 

We are now ready to prove the sufficient conditions. 



□ 



Proof of the sufficiency statement in Theorem 4- 

Let p, a be as in the statement and assume g e A (p, . For / e T>p, 
bearing in mind that / H g (f)'(z) = H g '(zf) and using Theorem D (ii), 
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we obtain 

n(f)\\ p vz = mf)m p +WA*m p JtSl 

oo 

= \n g (fW)\ p + \HAzf)(o)\ p + J2 2 ~ n{a+1) W A nnAzf)\\ p HP . 

n=0 

Now, 

mfm\ p + \nAzf)(o)\ p < (wm p + w'rnn Qf 1 imidt^ P 



<c{ 9 ) fimrdt 

Jo 

<C(g) J M^(tJ)(l-tr- p+1 dt 

<C(g,p,a)\\f\\ P vPa 

where in the last step we have used Lemma 4 and the observation that 
since p — 2 < a < p — lwe have — 1 < a — p + 1 < 0. 
On the other hand, if we write g"{z) = YHk=o c k zk then 

and we can apply Lemma 7 and part (v) of Theorem A to obtain 

WKHAzfWHv < C (j\ 2n - 2+1 \f(t)\dtJ \\A n g"\\ p HP 
<C (^j\ 2n - 2+1 \f(t)\dtJ 2 pn ^ 

for n > 3. Thus 

OO OO , „\ s. P 

^2-^+ 1 )||A n ^(z/)||^<C^2"^- 2 -)( / t 2n - 2+1 \f(t)\dt) 

n=3 n=3 ^ J ' 

OO , „1 s p 

xcV2(" +1 )( 2 ^> ( / t 2 ' l+1+1 |/WI^ ; 



Now it is easy to see that 



2»c/v i + i i/(t)i*y< e ( f « +i \f(t)\dtY , 

\Jo J jeI(n) \Jo J 
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and we can continue the above estimate as follows 



< 



c ^ 2 (n + l)(2p-3-a) ^ M ^'+l| /(t )| rft j 

n=0 je/(rt) ' 

oo , „i x p 

c (\n(f)(o)\ p + T,U + i) {2p - 3 ~ a) ^t^imidtj 



3=1 

*IIW)IIJs 
<c||/ll^ a . 

where we have used Lemma 8 (i) and Theorem 5 (iii). This together 
with the inequality for \V, g (f)(0)\ p + \V, g i(zf)(0)\ p finishes the proof. 
□ 

Proof of the sufficiency statement in Theorem 3. 

Let p, a be as in the statement and let g(z) = YlkLo bk zk be the 
power series for g. For / e A p a , from Theorem D we have 

oo 

(6.6) \\n g {f)\\ P Al ^l^(/)(0)| p + ^2-"^ 1 )||A ri ^(/)||^. 



n=0 



Now, 



|w«(/)(o)| < b'(o)| /* 1/(01* 

=i^(o)i r i/wia-o^a-o"^ 

JO 



and by Holder's inequality 



<C(!J.p.n) ( I 1 M^{tJ){l-t) a+1 dt 



<C{g,p,a)\\f\\ Al , 

where the last inequality is from Lemma 3. 
Now write g'(z) = Y^T=o c k zk -> then 



n g (f)(z) = j2(c k y o t k f(t)dt 



z k . 



Now Lemma 7 remains valid if we replace the power t k+1 appearing 
in the definition of the function h in statement of the Lemma by t k , 
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and the power t 2 " 2+1 in the conclusion by t 2 " 2 . This variation can be 
proved in the same way as the original version. Applying the Lemma 
in this new form and using the assumption for g we find 

l|An^(/)||^ < C (j^O/WI dtj \\A n g% P 

<C (^J\ 2n - 2 \f(t)\dtj 2 pn ^\ 

Now, the proof can be completed as the previous one using Theorem 
D (ii), Lemma 8 (ii) and Theorem 5 (ii). Namely, 



oo oo , „i \ p 

V2-^ +1 )||A n ^(/)||^ < CVf^-H ( / t 2n - 2 \f(t)\dt) 

n=3 n=3 ^0 / 

oo , „i \ 

xC ,y- 2 (n + l)( P -2-a) / / t ^ lf{t) \ dt 

n=0 W° ' 



/ r 1 V 

n=0 je/(n) ' 

oo , x N 

^c'E^' + 1 ) (p ^ Q) (y o ^'i/wi* 



<c^(/)(o)r + ^o- + i)^- 3 -«) Qf 1 



nw)ir 



< c\\f\\ p AP 

and together with the inequality \H g {f){ti)\ < C(g,p, ee)\\f\\A* this 
finishes the proof. □ 

If p > 1 and / G ^ then £(/)(*) = £°1 (/o I is 

analytic in D and has nonnegative Taylor coefficients decreasing to 
zero. Thus Theorem C implies that 

(6.7) nw)ii^ xiiw)ii^x^a+ir 2 / fi/wi* ■ 

Proof of the sufficiency statement in Theorem 1. Assume that 1 < p < 
2 and g(z) = ZT=o b kZ k G A (p, ±). Take / G if*. Since V p p _, C if* 
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with domination in the norms, by the proof of Theorem 4 with a 
p — 1, (6.7) and Theorem 5 (i) we obtain 



m 9 {fWm < C\\H g (f)\\ p vP i < C\\H(fW vP x \\H(f)\\ p HP < C\\f\f HP . 

p—1 p—1 

Hence H g : H p — y H p is bounded. This finishes the proof. □ 



Proof of Theorem 2 (%%). 

Let 2 < p < oo and g E A(q, ^) for some q with 1 < q < p. Let 
/ G H p . Applying [16, Corollary 3.1] to the analytic function % g {f) 
we have, 



\\n 9 {f)\\ P m < C (\U g {f W)\ P + J\l - r) p ^M p (r, U g {f)>) dr 



where C = C(p, q) is an absolute constant. By Theorem D (i), applied 
here with a = 1 — - + - we further have 

q p 



(6.8) 



[l-r) p M)M p (r,H g (fY)dr 

oo 

x|^(/)'(0)| p + E2-^f +1) ||A„^(/)'| 



v 

Hi- 



n=0 



Now for the constant terms of the two relations above it is easy to see, 
using Holder's inequality and the Fejer-Riesz inequality that 



(6.9) mf)m p +mf)'m p <c{gMf\\ H .- 

To estimate the sum in (6.8) write g"{z) = Y^T=o Ckzk so ^ na ^ 
U g {f)'{z)=U g ,{zf){z) = jr U ft k+l f{t)dt] z\ 
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and use Lemma 7 and Theorem A (v) to obtain 

oo 

^ 2 -n(p(l-|) + l)|| An ^ (/ y||^ 

n=3 

oo /pi \ P 



/pi \P 

<Cj2^ niP ~" +1) ( t^\f(t)\dt) \\A n g"\\l 

n=3 ^0 / 

OO , „1 v p 

<CV2^-r,( / t 2— +i|/( t )| dt ] 

n=3 V° / 

oo / /•! \ p 

n=0 Vio / 

OO x „1 s p 

< c ^ 2 (n+l)(p-2) ^ / 



n=0 j£l(n) 



oo / r 1 \ p 

c£0' + 1 ) p " 2 (/ o 



< C||/||^, 

where in the last two lines we have used (6.7) and Theorem 5 (ii). This 
and (6.9) finish the proof. □ 

7. Compactness 

Let us recall that an operator T acting on a Banach space X is com- 
pact if any bounded sequence of elements of X has a subsequence 
{fki} such that T(fk i ) converges in X. For the generalized Hilbert 
operator H g acting on the appropriate spaces we have. 

Theorem 8. Suppose that 1 < p < oo and g G %ol{p), then 

(i) If Tig : H v — > H v is compact then g G X(p, ^). 

(ii) If 1 < p < 2 and g G X(p, then % g : H p — >■ if p compact. 
(Hi) If 2 < p < oo and g G A(g, ^) /or some 1 < g < p 7 t/ien 

Tig : iP — >■ IP is compact. 

Theorem 9. Suppose that 1 < p < oo, — 1 < a < p — 2 and g G 
"Ho/(D). Tnen : A p a ^- A p a is compact if and only if g G A (p,^ 

Theorem 10. Suppose that 1 < p < oo, p — 2 < a < p — 1 and g G 
"HoZ(D). Tnen : V p — >■ X> p compact if and only if g G A ^p, ^ . 

We shall use the following lemma. 
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Lemma 9. Suppose that 1 < p < oo and let X be either H p , or A p a for 
some a with —l<a<p — 2, or T> v a for some a with p — 2 < a < p — 1. 
Let {f^'kLi be a sequence in X satisfying sup fc ||/fe||x = K < oo and 
fk — > 0, as k — » oo ; uniformly on compact subsets of O. Then: 

(i) limfc^oo J* \f k (t)\ dt = 0. 

(ii) For every g G Hol(B>) we have 

Hg(fk) —^0, as k — >■ oo ; uniformly on compact subsets of D. 

Proof. Let's start with the proof of (i). Let g be the exponent conjugate 
to p, that is, - + - = 1. Take e > 0. 

Suppose first that X = # p . Take r G (0, 1) such that {l-r f/ q < e. 
By the hypothesis there exists k Q G N such that 

\fk(z)\ < e, if k > k and |z| < r . 

Then, using Holder's inequality and part (i) of Lemma 3, we see that 
for k > k , we have 

/ \fk(t)\dt < e+ [ M^tJ^dt 

J0 Jr 

, 1/p 

< e + ' 



r-l \ VP 

J M^(tJ k )dtj (l-r )^ 



< e + CKe = C'e. 

Thus (i) holds in this case. 

Similarly, if X = A p a with — 1 < a < p — 2, take r G (0, 1) such that 

p — a — 2 

(1 — r ) p < £. There exists ko G N such that 

< £, if k > k and |z| < r . 

Then, using Holder's inequality and part (ii) of Lemma 3, we obtain, 
for k > k , 



[ \f k {t)\dt < e+ [ \f k {t)\dt 

JO Jr 

< e + Qf * M^t, f k )(l - ty +1 d?j V - t) 



p 



ro / W ro 

< e + K (l-ro)-r- < C'e. 

p — a — 2 

So, we see that (i) holds in this case too. 

Finally, suppose that X = V p for a certain a with p — 2 < a < p — 1. 
Since a— p < —1, we have that V p C for all /5 > —1. Take and fix j3 
with — 1 < j3 < p — 2. We have Ic^ and then, using the hypothesis 
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and the closed graph theorem, we deduce that sup fc < 00 an d 

then the result in this case follows from the preceding one. 

Part (ii) follows easily from part (i). Indeed, if g G "HoZ(O) and \z\ < 
r < 1, we have 



\n g {h){z) 



[ f k (t)g'(tz)dt ^M^g') [ \f k {t)\dt. 
Jo Jo 



Thus (ii) holds. □ 

Now the following result follows easily. 

Lemma 10. Suppose that 1 < p < 00 and let X be either H p , or A p a for 
some a with —l<a<p — 2, or T> v a for some a with p — 2 < a < p — 1. 
For a function g G "Ho/(D) the following conditions are equivalent: 

(i) Tig : X — >■ X is compact. 

(ii) // {/fc}fcli is a sequence in X such that 

(7.1) sup\\f k \\ x = K <oo 

k 

and 

(7.2) f k — > 0, as k — >■ oo ; uniformly on compact subsets of 3, 

then lim^oo \\H g {f k )\\x = 0. 

Proof of Theorem 10 Assume first that l-i g : T> v a — > T> v a is compact. 
Since the family of test functions 

fN,a( z ) = A+a 7; " w> z G D 

considered in (4.8) satisfies (7.1) and (7.2), we have 

lim \\n g (f N , a )\\ V p = 0. 

N— >oo 

Next, scrutinizing the proof of Theorem 4 (necessity part), we see that 
the quantity WH g (fN,a)\\v v a is incorporated in the constant C p which 
appears in the final lines of the argument of the proof. In particular, 

l|A„/||^<C;(||^(/ 2 ., Q )||^)2"( 2 4) 



therefore, 

lim = () 

so by Remark 1, g G A (p, . 
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Conversely, let e > and g G A (p, ^j. Suppose {f k } is a sequence 

of analytic functions in D satisfying (7.1) and (7.2). Then there exists 
n G N such that 

; — n — < £ tor all n > nn. 

2 n(2-i) 

Then it follows from the proof of Theorem 4 (sufficiency part) that for 
all k 

oo , „i v v 

\\nMk)\\ p vPa <\nMk)m p + J2 2 ~ n{a+1) / ^ 2+ UWW IK/ 

n=0 ' 

Using Lemma 9 we see that 

\K 9 (fkW)\= t \fk(t)\dt^0 asA;^oo. 
Jo 

On the other hand 



n=0 VO / 

<CT T^- 2 -^ I / t 2n - 2+1 \f k (t)\ dt) 

n=0 Vio / 

OO , „1 v p 

+c,£ E 2 " (2p ^ a) (y ^" 2+i i/feWi^j • 

The finite sum above tend to as — >■ oo by appealing to Lemma 9. 
The second sum is 



oo , ! > 

oo / r 1 \ p 



<C||W(/*)ll^ 

< Csup \\f k \\ v r 

k 

< CK 



by (7.1). This gives 
and since e is arbitrary the proof is complete. □ 



lim \\U g {f k )\\ vl <CKs, 

k — ^oo 
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Theorem 8 and Theorem 9 can be proved with the same technique. 
We omit the details. 

Finally, we shall prove Theorem 6. 

Proof of Theorem 6. We recall that an operator T on a separable 
Hilbert space if is a Hilbert-Schmidt operator if for an orthonormal 
basis {e n : n — 0, 1, 2, • • • } of if the sum Yl^=o II^X e n)|| 2 is finite. The 
finiteness of this sum does not depend on the basis chosen. The class 
of Hilbert-Schmidt operators on H is denoted by S 2 (H). 



(i) The set {l,z,z 2 ,--- , } is a basis of H 2 . If g(z) = £~ b k z k G 
Uol(p) then 




thus 




and 






oc 




fc=0 



Thus H g G S 2 (H 2 ) if and only iigeV. 

(ii) On A 2 a , — 1 < a < 0, an orthonormal basis is 



{e n (z) = c n z n :n = 0,1,2,- •• ,} 



where 




Now 



CO 



(fc + l)6 fc+ i k 



H g {e n )(z) 



CnHg{z n ) 




n + k + 1 



k=0 
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and 

" k\T(2 + a) (k + iy\b k+1 \* 
II H 9 {e n ) \\ Al - c n ^ T{k + 2 + a) {n + k + 1) 2 ■ 

Thus using the Stirling formula estimate r( -""|" /3 ^ ~ (n + I)' 3-1 we have 

vy r(n + 2 + a) A:!r(2 + a) (A: + l) 2 |5 fc +i| 2 
2^\\n 9 {e n )\\ Al 2^2^ n!r( 2 + a) T(k + 2 + a) (n + k + l) 2 

(»+ir (fc+i) 2 i& fc+1 i 2 

+ (n + A; + l) 2 

fc=0 n=0 v 7 

Now a calculation shows that the asymptotic order of the inside series 
is 



n=0 v 

and it follows that 



n=0 fc=0 
12 



(hi) On £> 2 , < a < 1, an orthonormal basis is 
{e n } = {l,d 1 z,d 2 z 2 , ■ ■ ■ , } 

where 



d 1 _ 1 /r(n-l + 2 + a) 



\\z n \\ D i n y (n-l)!r(2 + a)" 
In this case we find (omitting the details) 

OO OO OO / \ Q _i 

E liw. Wllij ~ E<* + i) (3 - ) m 2 E A " * + g 

n=0 fc=0 n=0 V 7 



OO 



^ (A;+ l)(3-)| 6fe+2 |2 (A;+1) (-2) 

fc=0 

oo 

X>+i)i&*+ii 



2 -\\9\\l 



k=0 

and the assertion follows. □ 
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